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” [GLSllb] \S 3 [Kimll]
1.2. Example: rank 2 $\mathcal{A}(b, c)$ .
1.21. ( )
2 ( )
1.1. $b,$ $c$ 1 $\mathcal{A}(b, c)$ $\{x_{n}\}_{n\in Z}$
$x_{n-1}x_{n+1}=\{\begin{array}{ll}x_{n}^{b}+1 n \text{ }x_{n}^{c}+1 n \text{ }\end{array}$
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$m$ $x_{m},$ $x_{m+1}$
$\{0,1\}$ $x_{n}$







(1) $x_{n}$ $x,$ $y$ Laurent (Laurent )
(2) $x_{5},$ $x_{6}$ $x,$ $y$ ( )
(3) $x_{2},$ $x_{3},$ $x_{4}$ ( $A_{2}$ ) (
)
(4) $x_{n}$ $x,$ $y$ $x,$ $y$ Laurent
( )
$(e.g. x^{3}+1=(x+1)(x^{2}-x+1))$ (4)














1.5 ([FZ02, Theorem 3.1], $[FZ03$ , Theorem 1.8]).
(1) $x_{n}\in \mathbb{Z}[x^{\pm 1}, y^{\pm 1}]$ (Laurent phenomenon)
(2) $bc\leq 3$ $\{x_{n}\}_{n\in Z}$ (Finite
type classificaiton)
(1) Laurent (2)
$bc\leq 3$ $bc\geq 4$
$\{x_{n}\}_{n\in Z}$






$\mathcal{X}(b, c):=\{x_{n}\}_{n\in Z}$ ,
$\mathcal{M}(b, c):=\bigcup_{m\in Z}\{x_{m}^{c}x_{m+1}^{c’};c, d\in \mathbb{Z}_{\geq 0}\}$
$\mathcal{A}(b, c)$ $\mathcal{X}(b, c)$
1.7. (1) $\mathcal{M}(b, c)$ $\mathcal{A}(b, c)$ (
$)$
(2) $\mathcal{M}(b, c)$ $\mathcal{A}(b, c)$ $\mathbb{Z}$ $bc\leq 3$
(3) $n$ $x_{n}$ Laurent
(1) $\leq 3$
$\bullet$ $M(b, c)$ $\mathbb{Z}$ [FZ07, Theorem 11.2]




$\bullet$ $x_{n}$ Laurent Musiker-Propp([MP07])
(3) $b=c=r$




$\bullet$ $b=c=r$ [Nakll] ( )
$\bullet$ $b=c=r$ [Nakll, Appendix]
Qin[Qin10] $\iota_{\vee}^{\vee}$ Calder$(\succ$Chapoton
Laurent
$\bullet$ $b=c=r,$ $r$ $x_{n}$ Lee-
Schifller [LS11]
(4) $b,$ $c$
$\bullet$ $\mathcal{M}(b, c)$ $\mathbb{Q}$ Demonet[Dem]






string basisl $G=SL_{n}(2\leq n\leq 4)$ [BZ93]
Laurent
$ADE$ ( ) Berenstein-Zelevinsky
[$BZ93$ , Theorem 1.6, \S 9]
[FZ07]
$x\in \mathbb{Z}$ $[x]_{+}:= \max(x, 0)$
$sgn(x):=\{\begin{array}{ll}1 x>0;0 x=0;-1 x<0\end{array}$
$J$ $\{u_{j}\}_{j\in J}$ (tropical semifleld)
$\{u_{j}\}_{j\in J}$ ( ) $\oplus$
$\prod_{j\in J}u_{j}^{a_{j}}\oplus\prod_{j\in J}u_{j}^{b_{j}}=\prod_{j\in J}u_{j}^{\min(a_{j},b_{j})}$
ldual canonical basis string property
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$1\leq r\leq n$ $\mathbb{P}$ $x_{r+1},$ $\cdots,$ $x_{n}$ $\mathbb{Q}\mathbb{P}$
$\mathbb{P}$
$\mathbb{Q}\mathbb{P}$ $x_{r+1},$ $\cdots,$ $x_{n}$ Laurent
$\mathcal{F}$ $\mathbb{Q}\mathbb{P}$ $r$
1.8. (1) (seed) $(\tilde{B},x)$
$\bullet$
$\tilde{B}$ : $n\cross r$ $r\cross r$
$\bullet$ $x=\{x_{1}, \cdots,x_{r}\}$ $\mathcal{F}$
$\tilde{B}$ (exchange matrix) $x$ (cluster)
(2) $(\tilde{B},x)$ $1\leq k\leq r$ $k$ (seed mutation) $\mu_{k}(\tilde{B},x)=$
$(\tilde{B}’, x’)$
$\bullet$ $\tilde{B}’=(b_{1j}^{l})$
$b_{ij}^{l}=\{\begin{array}{ll}-b_{ij} i=k \text{ } j=k \text{ }b_{1j}+ sgn (b_{ik})[b_{ik}b_{kj}]_{+} \text{ }\end{array}$





$\mathbb{I}_{r}$ $r$- 1, . . . , $r$
1.9. (cluster pattern) $t\in^{t}\mathbb{I}_{r}’$ $(\tilde{B}_{t},x_{t})$
$k$ $t$ $t’$ $(\tilde{B}_{t’}, x_{t’})=\mu_{k}(\tilde{B}_{t},x_{t})$
$r$- $t_{0}$





1.10. (1) $\mathcal{X}(\tilde{B},x)$ $:= \bigcup_{t\in \mathbb{T}_{l}}x_{t}$
(cluster variable)
(2) $\mathcal{X}(\tilde{B}, x)$ $\mathcal{F}$ $\mathbb{Z}\mathbb{P}$ $\mathcal{A}(\tilde{B},x)$
( ) (cluster algebra) $\mathbb{Z}\mathbb{P}$
(3) $t\in’\mathbb{F}$ $x_{t}$
$x_{a;t}:= \prod_{1\leq:\leq n}x_{i;\dot{t}}^{a}\in \mathcal{F}$




$r=n$ (cluster algebra without coefficient)
$\mathbb{Z}\mathbb{P}=\mathbb{Z}$
1.3.1. $\tilde{B}$ (ice quiver)
$Q=(\mathcal{Q}_{0}, \mathcal{Q}_{1})$ out, in: $\mathcal{Q}_{1}arrow \mathcal{Q}$,
$B_{Q}=(b_{ij})_{i,J\in Q_{0}}$
$b_{ij}$ $:=\#\{h\in Q_{1}$ ; out $(h)=i$ , in$(h)=j\}-\#\{h\in \mathcal{Q}_{1}$ ; out $(h)=j$, in$(h)=i\}$
(1) $J$ (edge loop)
(2) 2 (2-cycle)
1:1
(1) $\alpha:iarrow k,$ $\beta:karrow j$ $[\beta\alpha]:iarrow j$
(2) $k$
(3) 2-cycle
$!’...\cdot\}\backslash \cdot\grave{}\iota_{\backslash }:_{\underline{\}_{\vee\vee^{=}-\backslash _{c}:\nearrow^{;}}^{t\underline{j}^{\wedge}.\dot{\}}}}\prime^{-_{\sim\wedge}..\prime}^{\backslash }4\swarrow\searrow$
$i’\backslash ....\cdot\underline{\overline{i}}_{i}^{\backslash }|^{f}..\overline{\underline{j}}^{\backslash }|:_{\vee\vee\cdot\vee-\backslash _{\sim\vee}.\dot{J}’}^{\wedge\backslash \wedge\wedge}$
$r$ $r+st$
$Q$ $2_{0}=pr$ fr (ice quiver)
$\tilde{B}=(b_{ij})_{i\in Q\text{ },J\in pr}$
$b_{ij}$ $:=\#\{h\in Q_{1}$ ; out$(h)=i$ , in $(h)=j\}-\#\{h\in \mathcal{Q}_{1}$ ; out $(h)=j$, in$(h)=i\}$
$r\cross n$ $pr\cross pr$ $r\cross r$
fr
( ) (
$)$ $\mathcal{A}(\mathcal{Q})$ $\mathcal{X}(\mathcal{Q})$ ,
$\mathcal{M}(Q)$
1.4:
1.11 (Laurent ). $(\tilde{B}, x)$ $\mathcal{A}(\tilde{B}, x)$ $x$ $\mathbb{Z}\mathbb{P}$
Laurent







$\mathcal{A}(\tilde{B}, x)\subset \mathbb{Z}[x_{1;t}^{\pm 1}, \cdots, x_{r;t}^{\pm 1};x_{r+1}, \cdots, x_{n}]$ .
“ ”
1.12. $\mathcal{Q}$ $\mathcal{A}(Q)$








1.14 ([Nakll]). $Q$ Dynkin $\Re$









$M(Q)\subset \mathcal{B}(Q)$ $\cap \mathbb{Z}_{\geq 0}[x_{t}^{\pm}]$ .
$t\in’f$














(1) $L$ (prime) $L\simeq L_{1}\otimes L_{2}$
(2) $L$ (real) ( (strongly real)) L $\otimes$ L
(resp. $m\geq 2$ $L^{\otimes m}$ )
$\mathbb{Z}[x_{r+1}, \ldots , x_{n}]$
1.17 ( [HL10, Definition 2.1]). $A$ ( )
$d$ $\mathcal{A}$ (monoidal
categorification)
(0) (Grothendieck ) $K_{0}($ & $)$ $\mathcal{A}$










2.1. $G$ Kac-Moody $H$
$B\pm$ $H$ Borel opposite, $N\pm$
$W$ Weyl $N(w)=N_{+}$ $N_{-}\dot{w}^{-1}$ $\Delta_{+}(w)$ $:=\Delta_{+}\cap w^{-1}\Delta_{-}$
$N’(w)=N_{+}\cap\dot{w}N_{+}\dot{w}^{-1}$ complement $\Delta_{+}^{l}(w):=\Delta_{+}\cap w^{-1}\Delta_{+}$




$\mathbb{C}[N_{+}]$ ( $=$ :Lusztig (Lusztig quiver






2.2. $w\in W$ $=(i_{1}, \ldots, i_{\ell})\in R(w)$ $I_{\theta}=\{1, \ldots,\ell\}$
quiver $\mathcal{Q}$ $j\in I,$ $1\leq k\leq\ell$
$()^{\pm}:I_{\theta}arrow I_{\theta}\cup\{\ell+1\}$ (resp. $I_{\theta}\cup\{0\}$ )
$k^{-}$ $:= \max\{0,1\leq s\leq k-1|i_{\delta}=i_{k}\}$ ,
$k^{+}$ $:= \min\{k+1\leq s\leq r, r+1|i_{\epsilon}=i_{k}\}$ .
$k_{\max}$ $:= \max\{1\leq s\leq r|i_{s}=i_{k}\}$ ,
$k_{\dot{m}n}$ $:=m\{1\leq s\leq r|i_{\partial}=i_{k}\}$ ,
$k_{j}$ $:= \max\{1\leq s\leq r|i_{\ell}=j\}$ .
$I_{\theta}$ frozen part $\{k_{j}\}_{k\in I}$
$\bullet$ $k^{+}\geq s^{+}\geq k>s$ $1\leq s,$ $k\leq\ell$ Dynkin $(I, E)$
double oriented graph $(I, H)$ $a:i_{\epsilon}arrow i_{k}$ $a:sarrow k$
ordinary arrow
$\bullet$ $1\leq k\leq\ell$ $\gamma_{k}:karrow k^{-}$ $k^{-}>0$ 1
horizontal arrow
$(I, E)$ translation quiver quiver I
fullsubquiver(ordinary arrow ) translation (horizontal
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arrow) [BIRS09, Theorem III 4.1] [GLS10, Proposition
223]
2.3. Geiss-Leclerc-Schr\"oer[GLSllb]
2.2 ([GLSllb]). (1) C-algebra $\Phi$ : $\mathcal{A}$( $\mathcal{Q}$ ) $\cong \mathbb{C}[N(w)]$
(2) $S^{*}(w):=\mathbb{C}[N(w)]\cap S^{*}$ $\mathbb{C}$ [N(w)] $\mathbb{C}$
(3) $M(Q_{B})\subset S^{*}(w)$ .
$\{x_{k}\}_{1\leq k\leq\ell}$ ( ) (generalized
minor)








Geiss-Leclerc-Schr\"oer [GLSllb, Conjecture 18.1]





















(0) $\mathcal{A}(Q_{\theta})$ (“ ”) ( $\mathcal{Q}$ )
(1) $\mathcal{M}(\mathcal{Q}_{\theta})$ ( ) $\mathcal{O}$q[N(w)] $\subset O_{q}[N]$
(2)









$\mathcal{O}_{q}[N(w)]$ “(quasi) affine variety $X$ ” (
) $\mathbb{Q}$(q)- $O_{q}[X]$ $\mathbb{Z}[q^{\pm 1}]$ - $O_{q}[X]_{Z[q^{\pm 1}]}$ $q=1$
$\mathbb{C}\otimes_{Z[]}q\pm 1O_{q}[X]_{Z[q}\pm 11$ $\mathbb{C}[X]$
$\mathbb{C}\otimes_{Z[q^{\pm 1}]}\mathcal{O}_{q}[X]_{Z[]}q^{\pm 1}\cong \mathbb{C}[X]$







3.1. $\mathfrak{g}$ Kac-Moody Lie
$U_{q}(g)$ $\{e_{i}, f_{i}\}_{i\in I}\cup\{q^{h}\}_{h\in p\vee}$
$\{f_{1}\}_{i\in I}$ $\mathbb{Q}(q)$- $U_{\overline{q}}(\mathfrak{g})$ $U_{q}^{-}(\mathfrak{g})$
$U_{q}^{-}(g)\otimes U_{q}^{-}(g)$ Cartan-Killing
$r$ $U_{q}^{-}(\mathfrak{g})$ $\mathbb{Q}(q)$
$($ , $)_{K}:U_{q}^{-}(\mathfrak{g})\cross U_{\overline{q}}(\mathfrak{g})arrow \mathbb{Q}(q)$ ( ) $r:U_{q}^{-}(\mathfrak{g})arrow U_{\overline{q}}(\mathfrak{g})\otimes U_{\overline{q}}(\mathfrak{g})$
$(xy, z)_{K}=(x\otimes y, r(z))_{K}$
( ) $N_{-}$
$U_{q}^{-}(\mathfrak{g})$ $\mathbb{Z}[q^{\pm 1}]$- $\{f_{i}^{(n)}\}_{i\in I,n\geq 0}$
$\mathbb{Z}[q^{\pm 1}]$-algebra Lusztig $\mathbb{Z}[q^{\pm 1}]$ $U_{q}^{-}(\mathfrak{g})_{\mathbb{Z}[q^{\pm}]}$ $U_{q}^{-}(\mathfrak{g})_{\mathbb{Z}[q^{\pm}]}^{up}$
Lusztig Kostant $U(\mathfrak{n})$ $\mathbb{Z}$- (Kostant ) $q$
Lusztig Lusztig (canonical basis) $B$
(dual canonical












for $j\neq i$ ,
(3.le)
$T_{i,\epsilon}’(f_{j})= \sum_{r+s=-\langle h_{i},\alpha_{j})}(-1)^{r}v_{i}^{-\epsilon r}f_{i}^{(s)}f_{j}f_{i}^{(r)}$
for $j\neq i$ .
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107
$i\in I$ $\epsilon\in\{\pm 1\}$ $\mathbb{Q}(v)$ $T_{i,\epsilon}’’:U_{v}(\mathfrak{g})arrow U_{v}(g)$





for $j\neq i$ ,
(3.2e)
$T_{:,-\epsilon}’’(f_{j})= \sum_{r+s=-\langle h_{i},\alpha_{j})}(-1)^{r}v_{\dot{\iota}}^{-\epsilon r}f_{l}^{(r)}f_{j}f_{1}^{(\epsilon)}$
for $j\neq i$ .
$T_{i,\epsilon}’T_{i,-\epsilon}^{l\prime}=T_{:,-\epsilon}’T_{i,\epsilon}^{l}=$ id.
$T_{1}=T_{:,-1}’$
3.2.2. $w\in W$ $\in R(w)$ $\beta_{k}=s_{i_{1}}\ldots s_{i_{k-1}}(\alpha_{i_{k}})$ $N(w)$
$\{\beta_{k}\}_{1\leq k\leq\ell}$ $F(c_{k}\beta_{k})$
$F(c_{k}\beta_{k}):=T_{i_{1}}\ldots T_{1_{k-1}}(f_{j_{k}}^{(c_{k})})$
Poincar\’e-Birkhoff-Witt $F(v)$ $:=\{F(c,$ $)\}_{c\in Z_{\geq 0}^{\ell}}$
$F(c,$ $):=F(c_{\ell}\beta_{\ell})\ldots F(c_{1}\beta_{1})$
Lusztig $F($ $)$ $\mathbb{Q}(q)$-span
$U_{\overline{q}}(w)$ $\in R(w)$ $F($ $)\subset U_{\overline{q}}(g)_{Z[q^{\pm 1}}]$
Levendorskii-Soibelman[LS91] $U_{q}^{-}(w)$ $\{F(\beta_{k})\}_{1\leq k\leq\ell}$
$\mathbb{Q}$(q)-algebra De Concini-Kac-Procesi[DCKP95]
$F$( ) $($ , $)_{K}$ quasi-orthonormal
$(F(c,$ $), F(c’,$ $))K$ – $\delta_{c,c’}\in q\mathbb{Z}[[q]]\cap \mathbb{Q}(q)$
$U_{q}^{-}(w)$ $U_{q}^{-}(w)$
[Sai94], Lusztig[Lus96]
3.3. $(\mathscr{L}(\infty), \mathscr{R}(\infty))$ $U_{q}^{-}(\mathfrak{g})$






$F^{up}($ $):=\{F^{up}(c,$ $)\}$ c $\in \mathbb{Z}\ell\succeq$
$F^{up}(c,$ $);= \frac{1}{(F^{up(C,),F^{up}(C}\varpi,\varpi))_{K}}F^{up}(c,\cdot$ $)$
3.4. (1) $F^{up}(c_{k}\beta_{k})=q_{i_{k}}^{(^{c_{2^{k}}})}F^{up}(\beta_{k})^{c_{k}}\in B^{up}$
(2) $U_{v}^{-}(w)_{A}^{up}$ $:=\oplus_{c\in \mathbb{Z}_{\underline{>}0}^{\ell}}\mathbb{Z}[q^{\pm 1}]F^{up}(c,$ $)$ $F^{up}(\beta_{k})$ $\mathbb{Z}[q^{\pm 1}]$-subalgebra
(1) Chevalley $f_{i}^{(n)}$ Lusztig




3.5 (Caldero, Leclerc, K). (1) $B^{up}(w)$ $:=B^{up}\cap U_{q}^{-}(w)$ $U_{q}^{-}(w)$ $\mathbb{Q}(q)-$basis
(2) $U_{q}^{-}(w)_{\mathbb{Z}[q^{\pm 1}}^{up}]=\oplus_{b\in\ovalbox{\tt\small REJECT}(w)}\mathbb{Z}[q^{\pm 1}]G^{up}(b)$
$B^{up}=G^{up}(\mathscr{R}(\infty))$ balanced triple
$G^{up}:(\infty)/q\ovalbox{\tt\small REJECT}(\infty)\cong \mathscr{Z}(\infty)\cap\sigma((\infty))\cap U_{q}^{-}(\mathfrak{g})_{\mathbb{Q}[q^{\pm 1}]}^{up}$
36.
$\mathbb{C}\otimes_{\mathbb{Z}[]}q^{\pm 1}U_{q}^{-}(w)_{\mathbb{Z}[q^{\pm 1}]}^{up}\simeq \mathbb{C}[N(w)]$
$\mathcal{O}_{q}[N(w)]_{\mathbb{Z}[q^{\pm 1}}]:=U_{q}^{-}(w)_{\mathbb{Z}[q^{\pm 1}]}^{up}$




3.3.1. $w\in W$ $=(i_{1}, \ldots,i_{\ell})\in R(w)$
$U_{w,\mathbb{Z}[q^{\pm 1}]}^{-}:=\sum_{1a=(a,\ldots,a_{\ell})\in \mathbb{Z}_{\geq 0}^{\ell}}\mathbb{Z}[q^{\pm 1}]f_{i_{1}}^{(a_{1})}\ldots f_{i\ell}^{(a\ell)}$
$\in R(w)$
3.7 (Lusztig, ). $\mathscr{B}_{w}(\infty)\subset \mathscr{R}(\infty)$




“ “ closed unipotent cell $\overline{N_{w}}$ $O_{q}[\overline{N_{w}}]$
$O_{q}[\overline{N_{w}}]:=U_{q}^{-}(\mathfrak{g})/(U_{w}^{-})^{\perp}$
$\mathbb{Z}[q^{\pm 1}]$- $U_{q}^{-}(\mathfrak{g})_{Z[q^{\pm 1}]}^{up}$
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De Concini-Procesi [DCP97, Theorem 3.2], Caldero [Ca103, 3.2]
3.8 ([Kimll, Theorem 5.13]). $O_{q}[N(w)]rightarrow U_{q}^{-}(\mathfrak{g})arrow \mathcal{O}_{q}[\overline{N_{w}}]$ injective algebra
homomorphism
3.4. $\mathcal{O}_{q}[\overline{N_{w}}]$ $U_{\overline{w}}$ Demazure module $V_{w}(\lambda)=U_{q}^{+}(\mathfrak{g})u_{w\lambda}$
$\lambdaarrow\infty$ ” extremal vector $u_{w\lambda}$ dual
canonical basis $O_{q}[\overline{N_{w}}]$
$w\in W,$ $\lambda\in P+$ (quantum unipotent minor)
$D_{w\lambda,\lambda}\in U_{q}^{-}(\mathfrak{g})$
$(D_{w\lambda,\lambda},x)_{K}=(u_{w\lambda},xu_{\lambda})_{\lambda}$
$($ , $)_{\lambda}$ $(u_{\lambda}, u_{\lambda})_{\lambda}=1$ $\varphi(e_{i})=f_{1},$ $\varphi(f_{2})=$




3.9 (Caldero, K). (1) $w\in W,$ $\lambda\in P+$ $D_{w\lambda,\lambda}\in B^{up}(w)$
(2) $D_{w\lambda,\lambda}$ $U_{q}^{-}(w)$ q-central
(3) $b\in \mathscr{R}(w)$ $G^{up}(b)D_{w\lambda,\lambda}\in q^{z}B^{up}(w)$
$x\in U_{q}^{-}(w)$ q-central $x\in U_{q}^{-}(w)$ $y$
$xy=q^{N}yx$ $N$ wt$(y)$
$w\in W$ induction
3.10. $w\in W$ $=$ $(i_{1}, \ldots ,i_{\ell})\in R(w)$
$D$ k $:=D_{\epsilon\epsilon\varpi\varpi_{t_{k}}}:_{1}\ldots:_{k}:_{k}$,
“ ” $1\leq s,$ $t\leq p$ $D$ 8 $D_{\theta,t}\in q^{z}B^{up}(w)$
$\{D_{\theta,k}^{q}\}_{1\leq k\leq\ell}$
$\mathcal{A}^{q}(Q_{\theta},$ $\Lambda_{\theta)}$




4.1. Geiss-Leclerc-Schr\"oer “ ”
4.1. $\{D\mathscr{K}_{k}\}_{1\leq k\leq\ell}$ $\mathcal{A}^{q}(Q_{\theta}, \Lambda_{\theta})$ (
$\mathbb{Z}[q^{\pm 1}]$ )






[GLSllb] T-system(generalized determinantial identity) “
”
PBW $F^{up}(\beta_{k})$
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